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The iterative extended Hiickel method for a-electrons, analogous to the ~o-teehnique for 
~-electrons, is used to calculate wave functions for Btt~-, NIt+, CtIt, C2H~, B2tt6, C~Ha and 
C6H 6. Results are compared with the simple extended ttfickel method and with published self- 
consistent field molecular orbital wave functions. I t  is found that iterating the extended Hfickel 
method does not always lead to improvements in the wave function but that some improve- 
ments are found particular for ionic molecules. I t  is suggested that  the reason for the failure of 
the iterated method is the neglect of terms due to charges on adjacent atoms. 

Die Wellenfunktionen yon BI t [ ,  NH +, CH4, C2H 6, B~H~, C~Ht und C6H 6 werden mittels des 
erwciterten Hfickelverfahrens mit Iteration, analog der o~-Methode ffir z-Elektronen, berechnet 
und die Resultate mit denen des analogen Verfahrens ohne Iteration verglichen. Dabei zeigt 
sich, da~ die iterative lgethode nur im Fall yon Ionen zu wesentliehen Verbesserungen ffihrt. 
Dies diirfte daran liegen, dal] bei ihr die Terme, die yon Ladungen an Nachbaratomen her- 
rfihren, vernachl~ssigt werden. 

La m~thode de ttiickel 6tendue it~rative pour les 61ectrons a, analogue ~ la technique (9 
utilis6e pour les 61ectrons ~, est utilis6e pour caleuler les fonctions d'onde de BH4- , I~H +, 
CH4, C2H6, B2H 6, C~Ht et Cstt 6. Les r6sultats s0nt compar6s avee eeux de la m6thode de 
Hiickel 6tendue simple et ceux de la m6thode des orbitales mol6culaires S.C.I~. L'it6ration 
en m6thode de Hiickel 6tendue n'am61iore pas toujours les fonctions d'onde mais certaines 
ameliorations sont particuli~res pour les mol6eules ioniques. La raison de eet ~chee de la 
m6thode avee it6rations semble dfie s la n6gligence des termes eorrespondant aux charges 
sur les atomes adjacents. 

In t roduc t ion  and Method 

The ex t ended  t I i i cke l  m e t h o d  (EI t l~)  has  in recen t  years  p roved  r e m a r k a b l y  
successful for  the  s t u d y  of  molecules which ~re too  large to  be t r e a t e d  b y  more  
precise me thods  [ l ,  2]. I t  gives a p p r o x i m a t e  molecular  orbi ta ls  and  orb i ta l  energies, 
and  can thus  be used to  pred ic t  ion iza t ion  potent ia l s ,  spectra ,  geometr ies  and  o ther  
proper t ies .  The  ma in  jus t i f ica t ion for  t he  m e t h o d  is t h a t  i t  works.  BOER, N~WTO~ 
and  L ~ s c o ~  [3] have  compared  the  E I - I ~  m a t r i x  e lements  wi th  I~Iartree F o c k  
m a t r i x  e lements  and  given some theore t ica l  jus t i f ica t ion for  i ts  success and  i ts  
fa i lure  in  cer ta in  respects .  T h e y  suggest  t h a t  i t s  success lies in the  closeness wi th  
which the  I t a r t r e e - F o c k  m a t r i x  e lements  are  e s t ima ted  and  thus  t he  molecular  
orb i ta l s  and  o rb i t a l  energies should  be app rox ima t ions  to  ~he self -consis tant  field 
molecular  o rb i t a l  (SCF) method .  There  h~ve been few ac tua l  compar isons  of  E I t ~  
orbi t~ls  and  energies wi th  t he  SCF results .  This  compar ison  is r epo r t ed  here  for a 
few molecules.  

The or iginal  m e t h o d  has  been i m p r o v e d  in two w~ys. The  off-diagonal  m a t r i x  
e lements  have  rece ived  much  a t t en t ion  and  the  a p p r o x i m a t i o n  due to  CuS~CHS 
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[4] is now widely used. The diagonal matr ix  elements have received less a t tent ion 
but  are probably  more important .  Work  was therefore init iated to introduce the  
w-technique [5], where the  diagonal matr ix  elements are considered as a funct ion 
of  net  a tomic charge and the  method  i terated on charges to consistency. Since tha t  
t ime other  workers have independent ly  published results obtained by  this method.  
C~t~oLL, A~mST~O~ and ~ c G L u  [6] have used a linear dependence of  the  
diagonal matr ix  elements ~, on charge qi and orbital  populat ion Pi 

ai  = At p~ + B~ qi § C/ 

q~ is the same for all orbitals centred on a given atom. pt is a p roper ty  only of  
orbital i. For  the hydrogen  is  orbital ~i is t aken  as a quart ic  in qt. Charges and 
orbital populat ions are calculated using the  ~[ulliken populat ion densi ty matr ix  
[7]. R~I~, FUKUDA, WI~,  C L ~ K E  and H A ~ I s  [8] have proposed a slightly differ- 
ent  scheme in which ~i is related only to  q~ in a linear manner  

~ = ~ + A ~ i  q~ �9 

A similar method  has been proposed by  Az~A~, BOttTE and OCV~K [9]. 
Our method  differs only in detail f rom the method  proposed by  R~r~ et al. 

Values for col were selected for charges of  0, - I  and §  using valence state ioniza- 
t ion energies, valence state electron affinities and second valence state ionization 
potentials respectively given by  Hi~zn  and JA~FE [10]. These values are not  
exact ly linear in charge so to avoid an arb i ta ry  smoothing process a quadrat ic  was 
fitted th rough  the three points. The resulting funct ion differs only slightly f rom 
the funct ion used by  t~EI~ et al. For  the H - i s  orbital cr a linear funct ion th rough  
the  points for q = 0 and q = - l was used and this is vir tually identical to the func- 
t ion  used by  R~I~  et al. 

A fur ther  modification is the  dependence on charge of  the  orbitals used. Slater 
orbitals with exponents  varying with charge according to 

were used. ~0 is the exponent  for a neutral  a tom given by Slater 's rules. D~ is a 
constant ,  also taken  f rom Slater 's rules, with the value 0.3 for I~-ls orbitals and 
0.175 for orbita]s on first row atoms. These parameters  are shown in Tab. I. 

Table t .  Diagonal matrix elements and orbital expo- 
nents a 

Orbital a(q = +1) a(q = 0) a(q = - 1 )  ~o 

H-is -i3.60 - 0.75 1.0 
B-2s -25.40 -14.91 - 5.70 1.30 
B-2p -19.46 - 8.42 - 0.32 
C-2s -33.03 -21.01 - 8 .91  1.625 
C-2p -23.93 -11.27 - 0.34 
N-2s -41.84 -26.92 - t4.05 1.95 
lq-2p -28.69 -14.42 - 2.54 

a's are reported in eV but all results are con- 
verted to a.u. for direct comparison with published 
S.C.F. energies. 
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Several  app rox ima t ions  for t he  off-diagonal  m a t r i x  e lements  fl~l were tr ied.  The  
s imple form used b y  H O F F M A ~  I l l  WaS used  for the  resul ts  r epo r t ed  here 

~l w- ~j ,~.. 
filj = K ~ . . .  

Slj  is the  over lap  in tegra l  and  K a cons tan t  f ixed as 1.75. Al l  over lap  in tegra ls  were 
ca lcu la ted  exac t l y  and  inc luded  in the  secular  equat ions .  

The  ob jec t ive  of  compar ing  resul ts  wi th  SCF calculat ions  is para l le led  b y  the  
work  of  ALL]~I~ and  RUSSELL [11], who used the  above  a p p r o x i m a t i o n  for fill bu t  
d id  no t  v a r y  the  a~'s. The  molecules s tud ied  b y  t h e m  were all  t r i a tomie  molecules 
while our  resul ts  are for s l ight ly  larger  molecules. This  work  thus  compl iments  
ALLV, g and  RVSSELL'S and  adds  the  ex t r a  fea ture  of  compar ing  an  i t e r a t e d  resul t  
wi th  t he  s imple non - i t e r a t ed  result .  The  SCF wave  funct ions  used in t he  compar ison  
are however  p r o b a b l y  less accura te  t h a n  the i rs  as a resul t  o f  the  larger  size of  the  
molecules s tudied.  A selection of  molecules for which reasonable  SCF funct ions  are  
ava i lab le  was used. These are  B H ; ,  N H  +, CH~, C2H 6, B2H~, C2tt 4 and  C6H 6. 

Computationally the same difficulty on obtaining convergence, which has been reported by 
other workers, was found. I t  was overcome by similar methods. Our approach is a combination 
of the method used by E m ~ s o z ~  [12], in which charges resulting from a group of three itera- 
tions are used to predict a new set of input charges for a following group of three iterations, and 
the method used by REnq et al. [8] and other workers [6]. In the latter case a fraction of the 
predicted change in charge only is used to predict input charges for the next iteration. This 
method combined with the former allows a large value of 2 - -  the fraction of the predicted 
change in charge used - -  to be selected. A value of 0.5 proved adequate in most cases while 
other workers have used values near 0.t. In a few difficult it  was necessary to use a value less 
than 0.5. 

Borohydride and Ammonium Ions 

Ion ic  species are  c lear ly  t r e a t e d  incor rec t ly  b y  the  s imple E H M  ff the  same 
pa r ame te r s  are  used as for neu t r a l  species. Selfeonsis teney wi th  respect  to  charges 
might  be expec ted  to  improve  the  s i tua t ion .  The  resul ts  for these  two ions are  
compared  in Tab.  2 wi th  SCF resul ts  ob ta ined  for  BH~- b y  HEGST~O~, PXLKV, and  
L ~ s c o ~ B  [13] using a l imi ted  basis  set  of  s la ter  orbi ta ls  wi th  op t imized  exponents  
and  for N H  + b y  K~AVSS [14] using Gauss ian  orbi tals .  It~GSTgO.~ et  al. find the  

Table 2. Orbital energies and charges/or B I-I ~ and NH + 

BH~- EHM IEHM SCF (13) 

a 2 -0.7556 -0.6303 -0.4200 
4 -0.4989 -0.3861 -0.1697 

qB -0.360 -0.260 +0.044 (-0.222) 
q~ -0A60 -0A86 -0.261 (-0.195) 

~H 2 (t4) 

a 2 -1.0694 -t .1570 - t . 54 t8  
4 -0.6167 -0.6979 -0.9930 

q~ -0.500 +0.080 - -  
q~ +0.375 +0.230 - -  
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charge distribution to be very dependent on the choice of exponent. The IEHiVI 
charges are very similar to those obtained by them using Slater exponents (shown 
in brackets) but are different from the charges found using optimized exponents. 
No charges are available for NH + but the converged EH1Vf results appear more 
reasonable. In  both cases the charges are strongly dependent on the choice of cds. 
Orbital energies in both cases are incorrect compared with the SCF orbital energies 
but are somewhat better for IEI-I1V[ than for EB_Yi (s. Tab. 2). 

Methane and Ethane 

Both methane and ethane have received much attention in recent years. Of 
particular interest have been one-centre expansion wave functions for the former 
and the energy barrier for rotation in the latter. No population density results 
appear to have been published for methane. EH1V[ and I E H ~  orbital energies are 
compared in Tab. 3 for methane with the SCF orbital energies obtained by K~Avss 
[i4] using a Gaussian orbital expansion and Woz~ICK [15] using a Slater type 
orbital expansion. The E t I ~  results are better than those obtained from the 
iterative method. 

~ore  complete results are available for ethane. Tab. 4 shows the orbital 
energies, charges and barrier to rotation obtained by EHM and IEH1V[ compared 
with the Gaussian orbital expansion of CLEM~,~TX and DAvis [16] and the Slater 
orbital expansion of PITZE~ and LIPSCO~B [17]. Of particular interest is the fact 
that  the E H ~  does not over-estimate the charge difference between the carbon 
and hydrogen atoms. As expected the IEHS~ reduces the charges and thus gives a 

Table 3. Orbital energies and charges/or CH 4 

EHM IEHM SCF SCF 
(K:aAVSS [t4]) (Woz~Ic]~ [15]) 

a 1 
t2 

-0.9042 -0.8806 -0.9421 -0.9497 
-0.5472 0 .5262  -0.5411 -0.5437 

qc -0.494 -0.100 
q~ +0.124 +0.025 

Table 4. Orbital energies, charges and barrier to rotation for ethane 

EHM IEHM SCF 
(CLElVIENTI and DAVIS [16]) 

SCF 
(PITZER and LIPSCOMB 
[17]) 

al~ -0.9665 -0.9404 -1.0427 
a2g -0.7945 -0.7823 -0.8544 
e~ -0.5793 -0.5632 -0.6t91 
alg -0.5136 -0.4800 -0.5094 
eg - 0.5029 -0.49t3 - 0.5066 

qc -0.322 -0.076 - -  
q~ +0.107 +0.025 - -  
Barrier 0.0064 0 . 0 1 2 4  0.0058 
(EXP. 0.0048) 
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-1.0400 
-0.8588 
-0.6273 
-0.5361 
-0.5t50 

-0.339 
+0.113 

0.0052 
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poorer agreement with the SCF results than  does the EHM. The orbital energies 
from the EHI~  agree closer with the SCF orbital energies than  the IEHM. These 
results are for the staggered form of ethane. The results for the eclipsed form are 
very similar. The barrier to rotation as estimated by  the EHlVi or I E H M  total  
energy (sum of orbital energies) is predicted to be closer to the experimental result 
by  the E t t M  than  by  the IEHM. 

Thus for both methane and ethane there seems to be no advantage in using the 
iterative scheme, at least in the form of it presented here. 

D i b o r a n e  

Diborane is a particularly interesting molecule for s tudy using this method. 
The simple E t I ~  gives the following charges 

qB = +0.337 
qH -- terminal = --0A74 

qH -- bridge = + 0 . 0 i l .  

These are similar to those originally obtained by t I o ~ F ~ A ~  and LIPSCOMB [18] 
and are contrary to the results obtained, using a limited basis set SCF treatment ,  
by  YA~ASAXI [19]. Better  agreement was obtained by  H o r r ~ A ~  and LIpSCO~B 
when different a ' s  were taken for the bridge and terminal hydrogen orbitals but  
this choice was somewhat arbitary. Their method has however been used for a 
large number  of calculations on boranes [18]. Recently several good wavefunctions 
for diborane have been published. These make use of a more complete basis set 
than  YA.~ASA~I'S and all integrals have been calculated exactly. The charges 
obtained differ slightly from one calculation to another but  all agree tha t  all 
charges are very small. These results are shown in Tab. 5 along with the I E I t M  
results. The agreement is quite close with the possible exception of the bridge 
hydrogen charge which N.M.R. evidence suggests is more negative than  the ter- 
minal hydrogen charge [20]. Palke and Lipscomb's [2i] wave function, which uses 

Table 5. Cha~es/ordiborane 

I E H ~  SCF SCF 

(PALKE and LIrscoMB [21]) (BURNELLE and KAv~MA~ [22]) 
qB +0.083 +0.064 -0.088 
q~_~ -0.061 -0.032 +0.045 
qE--b +0.039 --0.00i --0.002 

aa 
blu 
b2u 
bau 
ae 
b2g 

Table 6. Orbital energies ]or diborane 

EHM IEHM SCF SCF 
(P. and L. [2~]) (B. and K. [22]) 

-0.7870 -0.8067 -0.8700 -0.8979 
-0.6566 -0.6519 -0.6278 -0.6457 
-0.5188 -0.5501 -0.5521 -0.5558 
-0.5283 -0.5267 -0.5322 -0.5446 
-0.4804 -0.4968 -0.5098 -0.5174 
-0.4877 -0.4807 -0.4612 -0.4737 
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Slater orbitals with optimized exponents, gives an energy slightly higher than that  
given by the Gaussian orbital function of BUR~ELLE and KAUF~A~ [22] but is 
based on a different geometry for the molecule. The orbital energies are shown in 
Tab. 6. The simple EI-IM has the ordering of levels incorrect in two instances 
although this is strongly influenced by small changes in the ~'s. The converged 
result shows a much better agrument with the SCF results. 

Ethylene and Benzene 

The best SCF wave functions for ethylene and benzene are by ~/[OSKOWlTZ et al. 
[23, 24] using Gaussian orbitals. No charges from the population density analysis 
arc reported for benzene. Orbital energies and charges are compared in Tab. 7. The 

Table 7. Orbital energie~ and charges/orethylene and benzene 

EHM IEHM SCF EHM IEHM SCF 

C2Ha (23) C6H 6 (24) 
ag -0.9766 -0.9518 -1.0584 alg -1.0687 -1.0503 -0.9895 
b3u -0.7545 -0.7457 -0.8067 elu -0.9336 -0.9207 -0.8909 
b2u 0.5920 -0.5808 -0.6604 e~g -0.7248 -0.718i -0.7t39 
ag -0.5257 -0.5004 -0.5829 al~ -0.6052 -0.5982 -0.5709 
big -0.5035 -0.4988 0.5174 bl~ -0.6056 -0.6079 -0.5625 
bl~ -0.4796 -0.4475 -0.3814 el~ -0.5332 -0.5258 -0.4792 

a2~(~) -0.5282 -0.5095 -0.4519 
qc -0.219 -0.066 0.330 b~ -0.5295 -0.5004 -0.4482 
qu +0AI0 + 0 . 0 3 3  +0A65 e~g -0.4665 -0.4567 -0.3742 

elg(~) -0.4654 -0.4486 -0.2877 

qc -0.092 -0.035 - -  
q~ +0.092 +0.035 - -  

EHM does not over-estimate the charge differences for ethylene and is thus again 
better than the IEI-I1Vf. The orbital energies from the EH1V[ agree closer with the 
SCF orbital energies than do those from the IEHIVi for ethylene. For benzene how- 
ever the orbital energies from the I E H ~  are slightly better than those from EHM, 
although the agreement is rather poor in some cases. I t  would be interesting to have 
the charge distribution from the SCF method for comparison with the EHM and 
IEHM charges. 

Discussion 

The most remarkable result is the very close agreement that  is found between 
SCF orbital energies and the Ett2V[ and I E t I ~  orbital energies. Both methods are 
clearly reasonable approximations to the SCF result. However it does not appear 
that  iterating the EHM to eonsistancy on charges necessarily improves the method. 
The w-technique in ~ electron theory is sometimes justified on the grounds that  
simple ttfickel theory over estimates the charge differences between different 
atoms. I t  is clear that  the EHM for a-systems does not always follow the analogous 
;r-electron method in this respect. The charge difference between carbon and 
hydrogen atoms in ethane, ethylene and probably methane is under-estimated and 
iterating on charges makes the situation worse. 

18" 
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For ionic species the i terated method appears more satisfactory but the agree- 
ment  with SCF orbital energies is poor. For BH~ the orbital energies for both the 
EH1V[ and IEI-EVI are much lower than  the SCF energies and for N H  + much higher. 
In  both cases iterating on charges improves the agreement with SCF energies but  
only slightly. The predicted charges for these species are very dependent on the 
choice of ~ in the EHM and on the choice of orbital exponent in the SCF method. 
For BH~ the I E H l ~  charges agree bet ter  with the SCF charges and for N I t  + where 
no SCF charges are available, the I E H l ~  charges appear more reasonable than  the 
E H ~  charges. 

Diborane is probably a special case but the I E H l ~  results are most satisfactory 
when compared with the EH_~ results which have never been very reliable. 

Several calculations have been repeated using the geometrical mean approxima- 
tion or the Cusach approximation for the off-diagonal matr ix  elements. There is 
nothing significantly different about the results. The most important  factor is 
always the choice of diagonal matr ix  elements. 

I t  is important  to a t tempt  to understand why the I E H M  is less successful than  
the co-technique in g-electron theory. The form of the diagonal matr ix  elements in 
SCF theory using neglect of differential overlap suggests tha t  a good approxima- 
tion would be 

~x~ = 0% --  Aqr --  ~ B ,  t qt" 
i r  

The last te rm is a sum over the charges on other atoms. B~j is an average Coulomb 
integral between the orbital i and all orbitals on a tom ?'. The ]~H-M uses only the 
first term. The IEI-I2V~ adds the second term. For z-electron systems the last te rm 
will be small and excluding it will lead to reasonable results. This gives the co- 
technique. For a-systems however the last te rm Mll not be small. For ions it will 
probably be of the same sign as the second te rm and for both N H  + and BH~ the 
discrepency between SCF and extended Htiekel orbital energies is in the direction 
expected by  the exclusion of such a term. The I E I t M  for ions will however still be 
an improvement  over the EHM. For some neutral molecules, the third te rm will be 
of opposite sign to the second. I ts  inclusion would increase the charge differences 
between atoms. For CH 4 where each a tom is surrounded by  near atoms of opposite 
charge, the third t e rm might cancel the second te rm and the E t tM would then be 
bet ter  than  the IEI-1-M. Of the hydrocarbons studied the size of the last te rm is 
likely to be least for CeII 6 and thus in this case the I E I L ~  will be an improvement  
over the EI-IM. For diborane the effect of the last t e rm is also likely to be small. 

I t  is thus possible to obtain a quMitative understanding of why the IEI-IM is 
less successful than co-technique and why it leads to improvements over the E t t ~  
in some eases but  not in others. I t  seems tha t  it is always worthwhile to iterate on 
charges using the second te rm for ions but  tha t  for some neutral molecules it is 
bet ter  to exclude the second te rm containing the charge unless all terms including 
charge can be used. The I E H M  is being further investigated in this laboratory. 

This work was completed while the author was at the University of Newcastle upon Tyne 
Computing Laboratory using a KDF9 computer. Many fruitful discussions on computing 
techniques with colleagues there are gratefully acknowledged. 
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